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Crystal Diffraction Profiles for Monochromatic Radiation* 
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The instrumental window of a double crystal spectrometer in the dispersive (1, + 1) position has been 
determined experimentally with a MSssbauer source and compared with theoretical predictions. The 
experiment was done at a wavelength of 0.86 A* with the 14.4 keV ~, ray that follows the 57Co----57Fe 
decay. The crystals employed were quartz (10T1), silicon (111), germanium (111), and calcite (211) 
(10i4), where the indices refer to the structural cells. The theoretical expression for the double-crystal 
window was calculated as the convolution of the appropriate single-crystal monochromatic profiles 
predicted by the Darwin-Prins dynamical theory of X-ray diffraction. The agreement between theory 
and experiment was good and clearly shows the necessity for crystal asymmetry corrections to precision 
wavelength determinations in certain cases. 

Introduction 

Less than two years after von Laue had suggested the 
possibility of crystal diffraction of X-rays, Darwin 
(1914) published a pair of papers outlining the dy- 
namics of the process. A number of years later this 
theory was expanded by Prins (1930) to include ab- 
sorption effects; but, because of the difficulty in ob- 
taining a monochromatic radiation source in the X-ray 
region, it has only recently become possible to test the 
theory adequately. Moreover, the theory predicts asym- 
metric diffraction profiles under certain conditions, and 
such profiles are of considerable importance in the 
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Commission and based on a doctoral thesis submitted to the 
Department of Physics, The Johns Hopkins University, 1963. 

t Present address: Physics Department, LeMoyne College, 
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determination of X-ray wavelengths with the precision 
now required for studies such as the atomic constants 
evaluation. 

Investigations with the two-crystal spectrometer per- 
mit certain aspects of the theory to be checked, such 
as the widths of the diffraction profiles in the non- 
dispersive spectrometer configurations (Parratt, 1932; 
Allison, 1932; Parratt & Miller, 1936). These experi- 
ments, however, give little information as to the shape 
of these patterns. In fact, for a pair of identical crystals 
they can yield no information at all about the asym- 
metry of either the single-crystal profiles or the double- 
crystal patterns in the dispersive positions of the spec- 
trometer (the configurations required for wavelength 
determination). 

The first step toward the solution of this problem 
came with DuMond's suggestion in 1937 for a multiple 
(3 or more) crystal spectrometer (DuMond, 1937; Boll- 
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man, Bailey & DuMond, 1938). This proposal recom- 
mended a non-dispersive configuration which did not 
yield conclusive results, but Renninger (1955) adapted 
the idea to the plus position of the spectrometer and 
observed a single-crystal profile from calcite with cop- 
per X-rays. Since then he and others (Renninger, 1960, 
1967; Bub~ikovfi, Drahokoupil & Fingerland, 1960, 
1961) have investigated silicon and germanium with 
this method, and have obtained moderately good agree- 
ment with the theory. A second approach emerged 
from Borrmann's (1941, 1950) experiments with the 
transmission of X-rays through thin single crystals. 
Brogren & Adell (1954) developed this technique, which 
employs a two-crystal spectrometer in the non-disper- 
sive ( n , - n )  position with the second crystal used in 
transmission. Theoretically such a crystal possesses a 
symmetric diffraction profile, and may thus be used as 
a probe to investigate any asymmetry in the first crystal. 

The problem has been very recently attacked by still 
a third method (Kohra, 1962) that also employs a two- 
crystal spectrometer in the minus position. Here, one 
of the crystals is cut with the atomic planes inclined 
to the front face so that the reflected beam leaves the 
face at an angle which is small compared with the 
Bragg angle. Theoretically, this produces a narrower 
monochromatic profile, and hence may be used to 
study the other crystal. 

The development in recent years of reasonably in- 
tense M/fssbauer sources has provided a monochro- 
matic radiation source, and the present investigation 
employed this technique. The 14.4 keV ), ray emitted 
by 5VFe was used as the radiation source, and the crys- 
tals studied were quartz, silicon, germanium, and cal- 
cite. 

Theoretical calculations 

The geometrical corrections for the double-crystal spec- 
trometer have been analyzed by Sehwarzschild (1928); 
a comprehensive treatment of the instrument may be 
found in Compton & Allison (1935), including a deri- 
vation for the plus position monochromatic profile (i.e., 
the instrumental window). Their result (with all angles 
expressed in radians) is I mS 

P (gt) = _,,oG(O- 0o, q))lx(O- Oo 

-½~o2 tan Oo)I2(gt-O+Oo-½~oz tan Oo)dO&o. (1) 

In this equation G(O-0o, ~o) describes the incident in- 
tensity distribution (which is mainly determined by 
geometrical limitations due to slits, etc.) as a function 
of the horizontal angle 0 (with 00 denoting the Bragg 
angle) and the vertical angle ~0 (measured about a hori- 

zontal plane). ~u measures the angle between the first 
and second crystals, which are so aligned that the nor- 
mals to the reflecting atomic planes of both crystals 
lie in a horizontal plane; P(~u) represents the observed 
intensity as a function of this angle. The vertical limit- 
ing slits are adjusted so that the incident beam is sym- 
metrical about the horizontal, and ~0m is the maximum 
angle of vertical divergence. 

/1 and I2 are the single-crystal profiles for the first 
and second crystals; these profiles represent the reflec- 
tivity of the crystals as a function of the glancing angle 
for strictly monochromatic incident radiation. These 
functions are given by the Darwin-Prins theory, and 
the present calculations were performed with an alge- 
braic reduction of this theory which was developed by 
Miller (1935). In this formulation the Darwin-Prins 
functions are given by 

I ( l )=a( l ) -[G2( l )  - 11 ~ , (2a) 
where 

62 { /~2 
G(l)= A2+B2 l 2+ (52 

+ (12_c~z)z+ ~ _~_fl )z , (2b) 

o~ z = (A z -  B z + fiE)If z, (2c) 

l=(O-Oo) (sin 200/26)- 1, (2d) 

A + i B = ~ e - w { N 2 Z ]  n~ i  F (2e) 
\ 2z~ ]  

In these equations 0' and 00 have the same meaning 
as in equation (1); N represents number of unit cells 
per unit volume, F is the crystal structure factor for 
the particular reflecting plane employed; fi and fl are 
the real and imaginary parts of the complex index of 
refraction of the crystal for the wavelength 2, e2/mc 2 
is the classical electron radius, e -w is the single crystal 
Debye-Waller factor, and ~@ is the polarization factor 
(~  = 1 for a polarization and ~ = [ cos 201 for zr polar- 
ization). 

If the double-crystal reflection is normalized to the 
intensity reflected from the first crystal, and account 
is taken of both polarizations, equation (1) may be 
rewritten as 

I ~  G(q))S(~'- ~o2 tan Oo)d(o 
P(V)= - ' ..... (3a) 

l ~ma(~)d¢ 
1 -(~m 

where 

S ( ~ b  t - -  (/9 2 tan 0o) = 

l~_ [I~ (0)13 (V-(o 2 tan 0 o - 0 ) +  I~(0)I~(~-~o 2 tan Oo-O)]dO 
(3b) 
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and 0 = 0 -  00 -  (~0z/2) tan 00; the dependence of G(O, ~o) 
on 0 is assumed negligible in the range for which I(O) 
is appreciable. 

For the present experiment, the effects of vertical 
divergence on equation (3a) were evaluated using the 
procedure developed by Shacklett & DuMond (1937). 
Their treatment assumed equal slit heights and re- 
quired S to be Lorentzian; in an unpublished calcula- 
tion one of the authors (J. S.T.) has eliminated the 
latter requirement by leaving S general and expanding 
it in a Taylor series. His treatment employs a param- 
eter k=(92m tan Oo)/Ws, where ws is the half-intensity 
width of S (in radians); the difference between P(V) 
and S(gt) is expressed as a power series in k, provided 
k < 1. The first order term in the series merely translates 
the ~, axis by (~0Zm tan 00)/12, but leaves the shape of 
the two curves the same. The second order term pro- 
duces primarily a broadening of P(V);  for the Lorent- 
zian case the width becomes we=  ws(1 +0.06kZ). 

The first order shift is in agreement with the vertical 
divergence correction obtained by Williams (1932), 
A0=( tan  00)(a2+b2)/24L z, where a and b are the re- 
spective heights of two slits that are separated by a 
distance L. For equal slit heights with a - -b  this reduces 
to the Thomsen result. In the present experiment 
~0m<4 x 10 -3 radians, and k2<0.1, and the vertical di- 
vergence effects on the shape of the monochromatic 
profiles were found to be within the experimental errors 
and hence were neglected. The data were compared 
directly with S(~,). 

The evaluation of S(~,) required numerical integra- 
tion, and it was found convenient to rewrite equation 
(3b) as the sum of three terms (concentrating for the 
moment on a single polarization component), 

S(V)=(1/NF) [Sl(~¢)-{- S2(~hc)-at- S3(~¢) ], (4a) 

S~(~,) = (~u/2- O')Iz(v/2 + O')dO' , 
o 

(4b) 

(~0" + ~v/2 _ ,.., -- 

S 2 ( V )  = \ I1(0)I2(~-0)d0,  
, 3 -  0* + ~v/2 

(4c) 

oo 

S3(~v) = I~(V/2+O")Iz(V/2-O")dO", (4d) 
0 

l °" 5(05d0"+ NF = E N F ,  
- - 0  

(4e) 

(4f) 

In these equations, O ' = V / 2 - 0 , 0 " = - 0 ' ,  and for the 
usual case of the same reflection from identical first 
and second crystals, I1(0)= I2(0) and $1 = $3 = S*. 

For reasonably chosen values of 0", S* was shown 
to produce negligible contributions to S, and hence 
could be ignored. This fact was established by using 
the no-absorption Darwin functions I f  and I f  in place 
of the Darwin-Prins functions/1 and/2, and integrating 
analytically to obtain an upper limit for S*. For this 
calculation, I f  and I~ were obtained from equations 
(2) as the limit when B and fl approach zero. With the 
use of appropriate Taylor series expansions it was then 
possible to obtain an estimate for S*(V). This quantity 
is also a function of 0", which may be re-expressed 
as l* through equation (2d). 

With l * = 3  and - 2 < V  <2,  it was found that 
S * <  10-3S2, i.e. that S* is less than 0.1% of the con- 
tribution to S in the peak region. The demonstration 
of this property for the normalizing factor NF pro- 
ceeded along the same lines, but in this case the con- 
tribution of ENF (for l * =  3) represented about 5% of 
the total value of NF. ENF had therefore to be cal- 
culated analytically and added to the result of the nu- 
merical integration of the peak region. 

The numerical integration of Sz and NF was com- 
puted by Simpson's rule on an IBM 7094 computer. 
The crystal planes studied were quartz (10T1), silicon 
(111), calcite (211) (10T4), and germanium (111), where 
the indices refer to the structural cells; the necessary 
input data for the computer calculations are given in 
Table 1. The resulting values of P(V) are plotted as 
solid curves in Figs. 2-5. 

Experimental details 

These theoretical curves were checked against the data 
obtained from the experimental set-up shown in Fig. 1. 
The M6ssbauer source was prepared by plating 170 
millicuries of 57Co onto two pieces of 56Fe (99.9% 
enriched) foil of dimensions 10 × 5 × 0.005 ram. The 
foils were annealed and each was sealed into a 0.005 
mm thick aluminum envelope to prevent oxidation. 
The envelopes were mounted one on top of the other, 
and the whole assembly was given a horizontal incli- 
nation with respect to the direction of the 7 beam so 
as to foreshorten the source dimensions to a vertical 
line 10 mm high with a projected width of 2 mm. 

The vertical divergence of the ~ beam was limited 
to + 12' of arc about the horizontal by a Soller slit 
system (Soller, 1924), which was used in conjunction 
with the other defining slits and lead shielding to re- 

Table 1. Parameters required for the calculation of Darwin-Prinsfunctions 

fl A B 
Quartz (1011) 2.66 × 10-6 1.14 x 10-8 7.37 × 10 -7 5.22 x 10-9 
Silicon (111) 2.37 × 10-6 1.77 x 10-8 1.24 × 10-6 1.25 x 10-8 
Calcite (211) (1014) 2.72 x 10-6 2.51 × 10-8 1"33 × 10-6 2.39 x 10-8 
Germanium (111) 4.7 x 10-6 4 x 10-7 2.8 x 10-6 2.8 x 10-7 

e-W 

0"98 
0.99 
0"96 
0.99 
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duce the total solid angle for emission of radiation from 
the source to 10 -4 steradians. The double crystal spec- 
trometer was of the conventional slide design (Sand- 
str/Sm, 1957), and the angle of rotation of the second 
crystal was measured interferometrically (Marzolf, 
1964) with an accuracy of + 0.05". A 12 x 6 x 0.4 mm 
NaI (T1) crystal mounted on an EMI 6097B photo- 
multiplier was used as the 7 detector, and this was 
heavily shielded to obtain a low background (about 
one count per minute). 

The crystals were prepared by grinding the reflecting 
surfaces parallel to the atomic planes (within 20" of 
arc) and etching until the minus position widths with 
Mo Ka X-rays reached a minimum. To obtain the dif- 
fraction profiles, several runs were made with each 
crystal pair. The count rate (0.2-0.4 count.sec -1) was 
extremely low compared with a conventional X-ray 
source. Approximately 100 counts were recorded at 
each spectrometer setting (about every half second of 
arc). The counts at the respective points were then 
added to give the final profile, resulting in a statistical 
error (standard deviation) of about 3% for most of 
the data points. Atmospheric pressure and room tem- 
perature changes were monitored, and possible errors 
in the angle-measuring interferometer and crystal lat- 
tice due to these effects were checked and found to be 
negligible. 

Since the 57Co --* STFe decay gives rise to a 122 keV 
7 as well as the 14.4 keV M6ssbauer photon (also, of 
course, a 6.3 keV internal conversion Fe Ka X-ray), 
it was necessary to check that all 7 intensities measured 
were due to the desired 14.4 keV photons. Therefore, 
additional measurements were made on the direct and 
reflected beams with brass and aluminum absorbers 
placed immediately in front of the source. The direct 
beam contained an appreciable fraction of 122 keV ), 
rays, and a small fraction of these were Compton scat- 
tered into the beam reflected from the first crystal. On the 
other hand, after reflection from the second crystal, the 
beam was found to contain only the 14.4 keV photons. 

Corrections have been applied for the ordinary back- 
ground, which was determined with the set-up arranged 
exactly as for a double-crystal measurement, but with 
a small lead plate blocking the beam between the first 
and second crystals. Background was also determined 
without the lead stop but with the second crystal 
turned about 2 ° away from the Bragg angle, and both 
determinations produced the same result. Since the 
beam intensity reflected from either the first or second 
crystals was so low, there was no dead time correction. 

Discussion of results 

The experimental data are compared with theory in 
Figs. 2-5. The errors displayed there are standard de- 
viations, and the count rate scale has been selected to 
match the theory at the peak. The origin for the angle 
coordinate (plotted as the abscissa) has been chosen 
to provide the best fit, since it is impossible to deter- 

mine this origin unambiguously without independent 
knowledge of both the ?-ray wavelength and the crystal 
lattice constant. Such knowledge, however, does not 
exist independently of this type of measurement. Thus 
the figures compare only the shapes of the observed 
profiles with those of the calculated ones. 

Comparison of theory and experiment for both tails, 
far to the right and left of the plotted portion, is shown 
in Table 2. In general, the experimental values are 
several times as large as the theoretical ones. 

Table 2. Compar&on of experimentally measured re- 
flected fractions with computed values (Darwin-Prins 

theory) in tails of profiles 
Displacement 

Crystal from peak Experimental Computed 
(sec) fraction fraction 

Quartz (10T1) - 8.9 0.030 + 0.003 0"0083 
(Fig. 2) + 8.8 0.031 + 0.003 0"0085 

Silicon (111) -8.5 0.133+0.005 0.019 
(Fig.3) +8.6 0.132+0.007 0.019 

Calcite (211) -11.5 0.053+0.003 0.013 
(10T4) (Fig.4) + 10.9 0.063 + 0.003 0-015 

Germanium (111) -18.8 0.035+0.002 0.016 
(Fig. 5) + 16.3 0.046 + 0-003 0.021 

The general agreement with the theory is good. In 
the case of quartz (Fig. 2) the single-crystal pattern is 
relatively fiat-topped and the data show clearly the 

MOSSBAUER 

SOURCE k/' ) 

~ /~ c RYSTALS 

~ SCl NTI LLATIO N D ETECTO R 

Fig. 1. Schematic diagram of experimental arrangement. The 
defining slits were separated by 30 cm and the Soller slil 
system was 43 cm in length. 
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symmetric, straight-edged, sharp-peaked double crystal 
profile which is characteristic of the convolution of 
two such flat-topped functions. This quartz run estab- 
lishes the symmetry clearly, and indicates the suitability 
of quartz (at least this particular pair of crystals) for 
spectroscopic use. 

The silicon data (Fig.3) give a second example of 
the symmetric single-crystal pattern. In this case, the 
wider silicon profile (the second crystal) is scanned 

with a narrower quartz pattern (the first crystal) and 
the resulting function is qualitatively quite similar to 
the flat-topped single crystal profile of silicon. This flat 
top in the two-crystal pattern occurs where the flat 
region of the quartz is probing entirely within the flat 
region of the silicon profile. 

On either side of this flat region, however, the ex- 
perimental curve slopes down considerably more slowly 
than the theory predicts. This is a common occurrence 

0 .8  - 

- 300 

0.6 l 

2000 
o o 

I I 

I - ,oo 
o o 

, .  o . ~ -  I ~ , ~ o ~ , o u , ~ ' r z  ,0T, \ 
_ / SOLID CURVE|DARWIN PRINS \ ~ 

I [ ,J  
i - -  

0 . 0 -  - O 

Fig. 2. Theoretical and experimental double-crystal monochromatic profiles for quartz (10T1). 

0 . 9  - 

o , -  t t • _ ,oo 

3000, 

I I o 
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I" - 2 0 0 , ~  

d 0.3. g 

o I00 

Fig. 3. Theoretical and experimental double-crystal monochromatic profiles for silicon (] ] 1) (with quartz (10T]) as first crystal). 
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in crystal studies (Renninger, 1955, 1960) and may be 
produced at will by merely grinding the front face of 
the crystals. In fact, the theory shows that any imper- 
fections such as dislocations or mosaic block structure 
(disorientation of small segments of the crystal face 
against the main structure of the lattice) produce 
broader and less steep peaks. Although etching the 
crystal eliminates the mosaic structure produced in 
grinding, there is no way to correct a high dislocation 

density throughout the entire volume of the crystal. 
The calcite data shown in Fig. 4 are subject to the same 
considerations. 

Germanium shows the other extreme - a pronounced 
asymmetry. This is unambiguously indicated by the 
experimental data shown in Fig. 5, where the general 
shape, overall width, and relative height of the tails 
are in reasonable agreement with the theory. It is clear 
that this asymmetry would produce a significant error 

0 . 8 -  
- 4 0 0  

- 300 T 0.6 
/ 

I t = 0.4-  _ 200n~ 

t 
- - ,oo 

0.2 ~ / 2ndGRYSTAL~ CALCITE 2rl \ _ --~_ 

-4" *4" ~ 
I -  I I I I I uJ 

0.0- - 0 

Fig. 4. Theoretical and experimental double-crystal monochromatic profiles for calcite (211) (101"4). 
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Fig. 5. Theoretical and experimental double-crystal monochromatic profiles for germanium (111) (with quartz (101.1) as first crystal). 
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if such crystals were used in precision spectroscopy. 
The Darwin-Prins theory, however, may be used to 
correct for this asymmetry in the instrumental window. 
The magnitude of the calculated correction (at 2 =  
0.86 A*) is such that the wavelength of monochromatic 
radiation as measured by a pair of Ge (111) crystals 
would be less than the true value by 17 ppm. The cor- 
rection is approximately the same whether the peak or 
the average of the two half-intensity points is chosen 
as the wavelength criterion. In ordinary X-ray spectro- 
scopy, the width of a spectral line is considerably 
greater than the width of the instrumental window, 
and in this case the appropriate corrections may be 
obtained from the Darwin-Prins theory by a method 
developed by Sauder (1966). 

The authors are indebted to Professor Leon Madan- 
sky of The Johns Hopkins University and Dr Alan J. 
Bearden of the University of California at La Jolla for 
many helpful discussions on the M6ssbauer effect. 
They also wish to thank Professor Robert Pond of 
The Johns Hopkins University for his assistance in 
preliminary metallographic studies on M6ssbauer 
source preparation. 
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In the generation of trial structures by the systematic variation of the position and orientation of a 
molecule of known dimensions, the ranges to be scanned by the positional and orientational parameters 
depend on the symmetry of the molecule and on the space group. The set of transformations of the 
crystal axes that leave invariant the coordinates of equivalent positions for a given space group defines 
a corresponding derivative symmetry, conforming to one of thirty distinct 'Cheshire' groups. The direct 
product of this group with the molecular point group specifies the symmetry of the six-dimensional 
space of the trial-structure parameters. The asymmetric unit in this space is the region to be scanned by 
the several parameters. 

Trial-structure parameters defined 

A recurring problem is the determination of the struc- 
ture of a crystal whose asymmetric unit comprises a 
chemical entity, e.g. a molecule, of known or reason- 
ably conjectured internal dimensions. The initial task, 
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estimating the position and orientation of the molecule 
in the unit cell, may often be amenable to some kind 
of trial-and-error approach. Whatever the criterion 
chosen for judging the acceptability of a trial structure, 
some systematic procedure is needed for generating 
alternative models compatible with the available struc- 
tural information. We suppose here that this informa- 
tion comprises the cell dimensions, the space group, 
and the postulated molecular dimensions. Our formu- 
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